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The equation of motion of director for nematic liquid crystal flowing in the azimuthal 
direction with axial symmetry (as in e.g. torsional flow) is derived from the Ericksen- 
Leslie theory. When specialized to the case of homeotropic nematics in a circular cell, 
in the steady state, the two-dimensional equation may be simplified to a one-dimen- 
sional ordinary differential equation under the assumption that either the cell is thick 
(Model A) or the director angle varies very slowly with the dimensionless radial 
coordinate R (Model B). Both these two cases are analysed. For Model B, multiple 
solutions are found and discussed. Spatial distribution of the director is studied and 
the corresponding optical interference patterns of transmitted monochromatic light 
are calculated. When compared with experiments of Wahl and Fischer we found that 
the theoretical positions of the bright rings and the total number of bright rings lying 
within a radius of R are in agreement with experiments for R < 10 and R < 130. 
respectively. 

In addition, the theoretical analysis of Wahl and Fischer which differs from ours is 
examined in detail and found to contain errors in its mathematical derivations. When 
these errors are properly corrected the domain of validity of Wahl and Fischer's theory 
is still only half that of ours. Also, the ratio of elastic constants deduced from their 
own experimental data using their theory is unreliable. 

tPaper presented at the Tenth International Liquid Crystal Conference. York. United 
Kingdom, July 15-21, 1984. 

$Correspondence address. 
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54 HE, SHU and LIN 

1. INTRODUCTION 

Homeotropic nematic liquid crystals undergoing torsional flow (in a 
circular cell) in the steady state was first investigated by Wahl and 
Fischer,'** in both experiments and theory. The experiment was per- 
formed by rotating one glass disc with respect to the other and mon- 
ochromatic light was transmitted vertically through two crossed po- 
larizers. Alternative bright and dark rings are observed. Subsequently, 
this type of experiments were repeated with the addition of external 
electric or magnetic 

Presently, this type of torsional shear experiments has become one 
of the standard methods in measuring elastic constants and viscosities 
of nematics. Theoretical analysis related to the experimental situation 
was first provided by Wahl and Fischer' and has been used ever since. 
However, in this theory,' very strong assumptions are introduced; its 
consequences have been compared to experiments only indirectly; 
the domain of validity has not been analysed. Furthermore, there 
exists couple of errors in its mathematical derivations (see Section 
IV). 

In view of its experimental importance and the existing deficiencies 
mentioned above, and as a first step in understanding solitons in 
rotating nematics,1° in this paper, the experiments of Wahl and Fischer'.' 
will be reanalysed and a new theoretical analysis will be presented. 
In Section 11, the director equation of motion of axially symmetric 
shearing nematic is derived from the Ericksen-Leslie theory." Two 
special cases of one-dimensional models are analysed and numerical 
solutions are presented. In Section 111, the optical interference pat- 
terns are calculated and compared directly with experiments. The 
results and theory of Reference 1 are analysed and discussed in respect 
to our theory in Section IV. A brief summary is given in Section V. 

II. DIRECTOR EQUATION OF MOTION 

For nematic rotating with angular velocity o = o ( z ) ,  the velocity is 
given by v = v(r ,z)  = o(z)r  (see Figure 1). For axially symmetric 
shear flow, 

v = ( -  v sincp, vcoscp, 0) (2.1) 

where cp is the azimuthal angle and r the radial distance of the mol- 
ecule. For small o (as in the experiments of References of l and 2), 
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ROTATING NEMATICS 

z 

I 
I 

-Y 

X 
FIGURE 1 .  
n in the (4 .2)  plane. 

Velocity v and director n in a torsional shear flow. v is in the 4 direction, 

i t  is reasonable to assume that the director n is in the (4, 2 )  plane, 
i.e., 

n = (-sin0 sincp, sin0 coscp, cos0) (2.2) 
where 8 is the angle between n and 2 .  

Under the assumptions of Eq. (2.1) and (2.2), the director equation 
of motion as derived from the Ericksen-Leslie theory" becomes (see 
Appendix A of Reference 12 for details) 

a% 1 a0 a20 
K z  7 + - ( K ,  + K 3  sin%) - + (K, sin% + K ,  cos'0) - 

dr r ar 3.2' 

$0 ae + is(z)r(y, - y r  cos20) - 2 ~ ~ 0 ~  sin20 = M - + y, - at2 at 
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56 HE, SHU and LIN 

where s(z) = aw(z)/az. Note that M is the moment of inertia per unit 
volume, Ki(i = 1,2,3) the elastic constants and yl, y2 the viscosities 
(the notations are those of Reference 13). The absence of (p in Eq. 
(2.3) is a natural consequence of the axial symmetry of the problem. 
Since M - gm cm-', for our purpose, we may set M = 0 in 
Eq. (2.3) and work, in the steady state, with the equation, 

a20 1 a0 a20 K ,  - + - ( K 2  + K3 sin20) - + (K, sin20 + K3 c0s20) - 
ar2 r ar az2 

+ !s(z)r(y, - y2 cos20) = 0 

Let us assume that the nematic is sandwiched between z = &d/2 
and undergoes torsional flow with w(dI2) = wo, w( -d/2) = 0 where 
wo (denoted by w in Reference 1) is a constant. For uniform torsional 
shear such that s(z) = odd = constant, Eq. (2.4) is decoupled from 
the center of mass degree of freedom and may be solved independ- 
ently. 

Defining 

R = Ar, A = [ ~ ~ I y ~ 1 / ( 2 K ~ d ) ] ~ ' ~ ,  6 = 2zld, 

c = K, /K3 ,  b = K2/K3,  y = yl/Iy21, D = Ad12 

Eq. (2.4) in the dimensionless form becomes 
2 

a20 1 a20 c 
aR2 D2 ae2 2 0 2  

b - + - (c sin28 + c0s28) - + - sin28 

1 a0 b + - (b + sin20) - - - sin20 - 2'1Ri b, sin30 cos0 (2.5) R dR 2R2 

+ R(y  + cos20) = 0 

For homeotropic nematic, the boundary conditions are 
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ROTATING NEMATICS 57 

where O* can be inferred from the experiments and is not known a 
priori. For planar nematics, the two zeros on the first two equations 
in Eq. (2.6) is replaced by d2. 

It is easy to see that the two-dimensional equation (2.5) does not 
possess spatial uniform solutions. Equation (2.5) is symmetrical with 
respect to 5 + - 6  and is valid for both homeotropic and planar 
conditions. In Eq. (2 .5) ,  D is a material parameter. When K,, y, and 
yz are given for a material, D is determined by the combination of 
wu and d. 

Equations (2.5) and (2.6) will constitute the basis of discussion in 
the rest of this paper. As shown below, in special cases, it is possible 
to reduce Eq. (2.5) to a one-dimensional equation. 

Model A: aoiag = a20iag2 =o 
In the case of large d such that the boundary effects may be ignored 
we may set dO/dg = d20/a52 = 0 in Eq. (2.5) which, under the one- 
constant approximation (K, = K, = K3 = K), simplifies to 

d’0 1 d0 2 sin28 
- + - (3 + 2 sin%) - - - - + (y + cos20) = 0 
dp’ 3p dp 9 p‘ 

(2.7) 

where p = (2 /3 )P2 .  
For p << 1 (i.e. near the center of the cell), 0 is very small and 

may be expanded in a series of p. When Eq. (2.7) is then linearized 
in 0 we obtain” 

9 
32 

0 = - (y + 1)p’ 

For p >> 1, the p-’  term in Eq. (2.7) may be ignored resulting 
in 

8 0  1 d0 dV 
- + - (3 + 2 sin%) - + - = 0 
dp’ 3p dp d0 

where 

Equation (2.9) describes the damped motion of a particle of unit 
mass in the potential V(taking p as the “time” variable). The variation 
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58 HE. SHU and LIN 

of V with 8 is depicted in Figure 2 (for y = 0.96). In Figure 2, 8, = 
- t ~ o s - ~ ( - y ) , 0 ,  = - - 7 ~  -8,andV(0,)< V(O,)<V(O).ForMBBA 
at room temperature, one has14 y = 0.96 and V(8,) - V(8,) << 
V(0) - V(8,). The damping term in Eq. (2.9) decreases with p in- 
creasing. When the particle starts its downward motion at 8 = 0 at 
p = 0 (in the homeotropic case), this damping term is not strong 
enough to stop the particle at the valley at 8 = 0,. The particle in 
fact moves over the hilltop at 8 = 8, and moves faster and faster all 
the way down the hill, i.e., 8 decreases without limit as p increases. 
This result of 8 vs. p remains true even if the one-constant approx- 
imation in Eq. (2.7) is lifted. Numerical results (not shown here) have 
been performed by us. 

In the experiments of Wahl and Fischer,'.z since the spacing be- 
tween the observed dark rings is relatively large for large p, 8 is 
expected to change much slowly for p large. This is at odds with the 
above 0 vs. p resulting from the neglect of &dependence in Eq. (2.5). 
In fact, the boundary effect in the experiments'.* are estimatedlZ to 
be very strong and the &dependence of 8 is important (see also 

2 

I 

3 2 

FIGURE 2. Variation of V ( 0 )  with 0. y = 0.96. 
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ROTATING NEMATICS 59 

References 3 and 14). The basic approximation of a thick cell under- 
lying Eq. (2.7) is inapplicable in the experimental situations of Ref- 
erences 1 and 2. We therefore consider another type of approximation 
in the following. 

Model 8: aWaR = a20/dR2 = 0 

When the &dependence is strong the gradient terms of 6 in Eq. (2.5) 
cannot be ignored. In the case that 0 varies slowly with R one may 
set d0ldR = d20/dR2 = 0 in Eq. (2.5) and obtains 

b 
2 

1 dZ0 c 
- (c  sin28 + cos28) - + - sin28 (2) - 
D’ dC2 20’ 

sin20 

2(1 - b)  
R2 

- sin% cos0 + R ( y  + cos28) = 0 (2.10) 

Multiple solutions 

For a qualitative understanding of the properties of Eq. (2.10) we 
apply the one-constant approximation and reduce Eq. (2.10) to 

sin20 + R ( y  + cos20) = 0 (2.11) -_  

For R >> 1, one may neglect the R - 2  term in Eq. (2.11) and 
obtains 

Let dO/d< = P ,  u = P2/2, R’ = D2R. The first integration of Eq. 
(2.12) results in 

u = R* exp (kos20)[C - F ( e ) ]  (2.13) 

where C is constant of integration and 

F ( 8 )  = 1: d0(y + cos28) exp ( -  4 cos28) (2.14) 

Because of the boundary condition in Eq. (2.6), if 0 is a continuous 
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60 HE. SHU and LIN 

function of 5 then, by the mean-value theorem, there must exist a 8,,, 
such that dO/dt = 0 at 8 = 8,. Consequently, P = u = 0 at 8 = 
8, and hence C = F(8,), leading to 

u = R* exp (kos28) I,""' dO[exp( - tcos28)(y + cos28)] (2.15) 

The curve F ( 8 )  may be obtained numerically from Eq. (2.14) as 
shown in Figure 3 (y = 0.96). Here, aF(B)/dO = 0 at 8 = € I r r o ,  n = 
2,2, ... On,  is defined by F(8,,) = F(8,J .  For y = 0.96, one has O l 0  

For 8, E[O,O,,] or ( O n l ,  u > 0 for all &[O, 8,). It is then 
possible to integrate Eq. (2.13) to obtain, in principle, 8 = €I([) and 
hence 8, = 8,(R). On the other hand, for 8mE[8 , ,0 ,  8,,1], u < 0 for 
some 8, in contradiction to the requirement of u(= P2/2) > 0; Eq. 
(2.13) is insoluble. In other words, 8, cannot be in [fInO, f3,,1]. The 
above analysis on the range of On, is independent of R and D [since 
F ( 8 )  does not depend on R and D]. 

For each H, there may exist multiple solutions of 8,. Indeed, Eq. 
(2.12) with Eq. (2.6) is solved numerically'2 for 8, = 8,,,(R) in the 
range of 0 z s  R < 130 (corresponding to the experiments of References 
1 and 2). In the calculations, K = 7.45 x lo-' dyn, y = 0.96, yz 
= -0 .8P are a s s ~ m e d . ' ~  Figure 4 shows a typical result. The exist- 
ence of multiple values of 8, for large R and the exclusion of O,,, in 
[ O , , ,  O I 1 ]  are evident. 

= 1.429, en, = oI0 + (n - i ) r ;  e l ,  = 1.859, en, = e l l  + (n  - i)T. 

4 

cs e 
CL 

2 

0 
0 1 2 3 4 5 

0 
FIGURE 3. Variation of F ( 8 )  with 0. 
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ROTATING NEMATICS 61 

Numerical solutions 

Equations (2.10) and (2.6) were solved numerically’2 for R < 10. In 
this range of R,  from Figure 4, there exists only one branch of On, 
[and hence one possible solution of Eq. (2.10)]. Figure 5 represents 
a typical result for 0 s 8,,, < Ole. 8,,, defined previously as the value 
of 0 at which d@/dt = 0 is also the maximum of 8 in this case. The 
curve 8 vs. 6 is symmetric under 5 + - 6 .  In this calculation, the 
values Is K ,  = 7.45 x lO-’dyn, c = 0.85, b = 0.295, y = 0.96, y2 
= -0.8 P for MBBA are assumed. 

Small-angle approximation 

For comparison, the case of small angle, 8 << 1, is considered. To 
second order in 8, Eq. (2.10) becomes 

2 

3 1 [ l  + (c - l)8*] - d28 + - i2 8 (g) 
dS2 

b 
R2 

- - e + R(I  + y - 202) = o (2.16) 

For R < 12 and the parameters used in Figure 5, numerical solutions 
of Eq. (2.16) are very close to that of Eq. (2.10) and are indistin- 
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62 HE. SHU and LIN 

0 0.1 0.2 0 0.1 0.2 0.3 0.4 

e 
FIGURE 5. 
10-Js-', d = 150 pm. Eq. (2.10) is used. 

Calculated 0 vs. .$ for R = 2.56 and 7.15, respectively. w,, = 8.36 x 

guishable in the scales of Figure 5. In fact, the results show that 0 s 
8, < 0.4, indicating that the small-angle approximation is applicable 
in this region of R. 

111. OPTICAL PATTERNS 

For monochromatic light of wavelength A,, through crossed polarizers 
with polarization direction at 45" with the director plane, the trans- 
mitted light intensity is given by"" 

f = I,, sin2+ (3.1) 

where 

and 

n, - no = no [(l - CY sin%-"* - 11 (3.3) 
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ROTATING NEMATICS 63 

The numerical results for O ( 6 )  from Model B of Section I1 are used 
in Eq. (3.3). The calculated I 2  l/l,) vs. R curve varies between zero 
and unity. The density of bright lines increases with increasing w,) for 
fixed d ;  it decreases with decreasing d for fixed w~,.  These bright lines 
correspond to those observed in the four quadrants in each photo- 
graph of interference patterns of References 1 and 2. The bright lines 
may be numbered beginning with m = 1 nearest to the center (the 
center itself is dark). [Note that m here has nothing to do with the 
subscript in 8,, used in Eq. (2.15). In Reference 1, m is used to number 
the dark lines instead.] For a given nematic, rn depends on R and D. 

In Table I ,  positions of the bright lines from numerical solutions 
of Ill, vs. R are presented. In the calculations, n, = 1.787, n,, = 
1.555 and A,, = 5460 8, are assumed.' In References 1 and 2, the 
absolute scale of length is not given. For our purpose, this problem 
is solved by matching our calculated value of R = 2.52 for m = 1 
in the case of w,) = 4.18 x S K I ,  d = 194 Fm with the experi- 
mental position of the first bright ring of Reference 1 (see the third 
group of data in Table I). In the calculations presented in the rows 

TABLE I 

Positions of bright rings in optical patterns. m = i represents the i-th bright ring 
starting from the center. The numbers in rows represent R ,  the distance from 

center. 

~ ~ ( 1 0  4s I )  d(pm) m = l  2 3 4 5 6 7  

E X W  10.46 ~ ~~ ~ 

THlh  9.60 
y4 TH2' 9.55 4.18 

TH3d 9.50 
EXPT" 3.99 7.20 9.30 11.42 
TH 1 4.02 7.07 9.22 11.07 

lY4 TH2 4.04 7.08 9.20 11.09 
TH3 3.95 7.00 9.15 10.77 
EXPT" 2.52 4.49 5.85 7.08 7.99 9.04 
TH 1 2.52 4.43 5.80 6.96 7.99 8.98 

lY4 TH2 2.53 4.44 5.81 6.99 8.03 9.03 
TH3 2.49 4.52 5.88 6.78 7.69 8.59 
E X P F  2.50 4.55 5.95 7.21 8.30 9.40 10.66 
TH 1 2.55 4.50 5.92 7.14 8.26 9.33 10.34 '" TH2 2.55 4.50 5.97 7.15 8.29 9.39 10.43 

2.09 

4.18 

8.36 
TH3 2.48 4.44 5.90 6.98 8.07 8.69 9.62 

"Experimental data from Reference 1. 
"Theoretical result from Eq. (2.10). 
Theoretical result from Eq. (2.1 1). 
dTheoretical result from Eqs. (4.4) and (4.5). 
<Experimental data from Reference 2. 
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64 HE, SHU and LIN 

of TH1, TH2 and TH3, the same values of Kg, c, b ,  y and yz as in 
Figure 5 are used. TH1 represents the calculated results from Eqs. 
(2.10) and (3.1); TH2 those from Eqs. (2.16) and (3.1). As seen from 
Table I ,  as expected, these two results (the former does not use small- 
angle approximation; the latter does) do not differ too much from 
each other for R < 10. For R > 10, there are larger discrepancies 
between theory (not shown here) and experiments.'V2 

For comparison, calculations from corrected Wahl-Fischer theory 
[Eq. (4.4) and Eq. (4.5)] are presented as TH3 in Table I (see Section 

The integer m, by definition, is given by 4 = rn n ( Z  = 1,) or, 
IV). 

When the calculated function 8 = 8 ( [ ; R )  [R appears as parameters 
in Eqs. (2.10), (2.11) and (2.16)] is substituted into Eq. (3 .9 ,  we 
obtain m = m(R)  as a continuous function of R. Only those rn with 
integer values represent the positions of the bright rings. By its def- 
inition, integer m is also the total number of bright rings within a 
distance of R from the center, which can be counted from the 
optical patterns. 

0 20 40 60 ao /oo 
R 

FIGURE 6. Calculated rn vs. R .  rn is the order of interference defined by Eq. (3.5). 
The solid and dotted lines correspond to the first and second branch of solutions of 
Eq. (2.11), respectively. The crosses are experimental points read from Reference 2. 
w ~ ,  and d are the same as in Figure 4. 
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ROTATING NEMATICS 65 

In Figure 6 ,  the solid line represents a typical calculated m vs. R 
curve when the first-branch solution (see Figure 4) of Eq. (2.11) 
(parameters same as in Figure 4) is put into Eq. (3.5). The crosses 
are read from the experiments of Reference 2. Within the experi- 
mental range of R < 130, theory and experiment are consistent with 
each other. For 10 < R < 20, deviation of theory from experiment 
is more obvious. This is the region in which the highest ring density 
(or minimum ring distance) appears2 It corresponds to a relatively 
rapid variation of 0 with R so that our Model B is insufficient and 
Eq. (2.5) has to be used. 

In Figure 6 ,  the dotted line represents the result from the second- 
branch solution of Eq. (2.11). It begins at R - 68. Here, m should 
be understood as the order of interference as defined by Eq. (3.5). 

Experiments'.* are consistent with the assumption that the first- 
branch solution is the physical one. The above conclusions are not 
altered when Eq. (2.10) is used in place of Eq. (2.11). 

IV. COMPARISON WITH WAHL AND FISCHER 

The theory of Wahl and Fischer' is based on the following basic 
assumptions: 
(i) Rotation of the nematic is ignored. The director motion is treated 

as an one-dimensional uniform shear in the (+,i) plane (instead 
of a two-dimensional torsional shear as in our Section 11) as de- 
scribed in Eq. (11) [meaning Eq. (1) of Reference l l .  

(ii) Near r = 0, 0 is small. 
(iii) 0 is approximated by 

0 = e2(r)(l - t2) + e4(r)6*(1 - S2) (4.1) 

with 0,h4 = E << 1. 

Corrected results 

Within these assumptions, the derivations in Reference 1 still contain 
a few errors. After corrections, Eq. (14) should read 

which has been pointed out in Reference 4. Eq. (16) should read 

( 2  = 1 - (0ie2)(i - E + €2) - (e/e,)2(€ - 3E2) (4.3) 
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66 HE, SHU and LIN 

Consequently, Eq. (17) should read 

When Eq. (4.3) is put into Eq. (Il) ,  one has 

8, = P/(1 + 5E) 

8, = KP3/(13KP2 - 3) 

where 

A, 3 - y2, A, - 71 

The E equation in Eq. (4.7) replaces Eq. (110). Equation (113) should 
be 

~4 = (5/7)(A&/n,a)[17(KI - K,)/K3 - (4/3 - 3a)] (4.8) 

The notations not defined here are those in Reference 1 .  
In Reference 1, for MBBA, no = 1.555, np = 1.787, An = 5460 A, 

u2 = (16.4 f 0.2) x loz3 m - 5  2, u4 = - (1.6 f 0.1) x 1W2 m-9  s4 
are obtained. When these same numbers are put into Eq. (4.8), we 
obtain 

K,IK3 = 0.813 (4.9) 

instead of K,/K3 = 0.85 -+ 0.04 as in Reference 1 .  
Equation (3.2) may be rewritten as 

+ = ( n / A n ) ( n , P  (4.10) 

Combining Eqs. (3.1), (4.4), ( 4 . 3 ,  (4.7) and (4.10) one obtains Ul, 
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vs. r by numerical method. y2 = -0.8 P ,  y, = 0.768 P, K ,  = 7.45 
x lo-' dyn, K = -0.15 (from Reference 15) and n,, n,, A,, from 
Reference 1 quoted above are adopted in the calculation. The po- 
sitions of the bright lines expressed in R are presented as TH3 in 
Table I. As the optical pattern is concerned, this theory is consistent 
with experiment for R < 6. This range is almost half of ours in Section 
111. 

It should be pointed out that the corrections in Eqs. (4.2) to (4.8) 
are in the order of p4 and are relatively small in magnitude. In fact, 
we have repeated the calculations using the original (erroneous) equa- 
tions of Reference l ;  the difference appears in the third decimal point 
in comparison with TH3. Note that in Reference 1, there is neither 
calculation of the light intensity nor anything similar to our Table I 
or Figure 6. 

Difference in director distribution 

Although both Eqs. (2.10) and (11) are one-dimensional and both 
assume M a r  = d28/dr2 = 0, they are based on different physical 
assumptions [see (i) above] and are quite different from each other. 
This may be seen more clearly in the one-constant approximation, 
in which the (d8/d[)2 term vanishes in Eq. (11) but not in Eq. (2.10) 
[i.e. Eq. (2.1 l)]. From our calculations, we know that this term does 
affect the director distribution. 

In comparing 8([) from Eq. (2.10) and Eq. (4.1), we see that 8,,[ = 
8([ = O)] from the former is smaller than that (i.e. 8,) from the latter. 
For R < 1, because of the R P 2  term, 8, from Eq. (2.10) increases 
with R more slowly than O2 which increases linearly with R [see Eqs. 
(4.5) and (4.7), and Figures 9 and 10 of Reference 121. A typical 
contrast of 8 vs. [ for different R from Eq. (2.10) and Eq. (4.1), 
respectively, is presented in Figure 7. 

Error estimation 

Our results on the locations of bright lines ( m  vs. R, see Table I )  
differs from experimental data by 0.3% while those of Wahl and 
Fischer' (after correction) is almost 4%. Our theory, Eq. (2.10), is 
obviously more close to experiments in this aspect. 

In Reference 1, K,IK3 is deduced from a comparison between the 
approximate linear curve of (m/d) / (vd)2  vs. ( ~ d ) ~  (where v = o,r) 
and experimental results (see Figure 6 of Reference 1). There are 
two types of errors involved: (a) those coming from the deviation of 
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FIGURE 7. Comparison between calculated @([) from Eq. (2.10) (the solid lines) 
and Eq. (4.1) (the broken lines), respectively. wc, and d the same as in Figure 5. R = 
0.25, 4.1, 7.1. 

the experimental points from this curve, (b) those due to the basic 
assumptions [(i)-(iii)] and the different steps of approximations in 
the derivations. Reference 1 ignores type (b) completely and gives 
an error of 4.7% for K,IK3. 

We now proceed to analyse type (b), taking the coo = 8.36 x 
10-4s-1, d = 150 p,m case2 as an example. In Figure 6 of Reference 
1, the largest ( ~ d ) ~  value corresponds to a R = 7.9 which exceeds 
already the range of validity of the theory used (R < 6, see TH3 in 
Table I). At this R, 8, of this theory differs from our result (which 
is more accurate) by already 7.1% (see Figure 7). This error due to 
the approximate nature of (mld)(vd)’ is already greater than that’ 
quoted for K,IK, (4.7%). If a smaller range of ( ~ d ) ~  from the origin 
in Figure 6 of Reference 1 is used, type (b) error may be reduced, 
but then, since the deviation of experimental points from the straight 
line is larger for (vd)’ near zero, type (a) error will increase, rendering 
this strategy unpractical. 

V. DISCUSSION 

1. The director equation of motion describing the torsional shear 
flow, Eq. (2.3) or (2.5), is two-dimensional in nature. For a thick 
cell in which the z-variation may be ignored, Model A described by 
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the one-dimensional nonlinear ordinary differential equation 

d20 1 d0 b . b - + - (6 + sin20) - - __ sin20 
dR2 R d R  2R2 

2(1 - b) 
R2 

- sin30 cos0 + R ( y  + cos28) = 0 (5.1) 

may be used. For a thin cell, as in the (steady-state) experiments of 
Wahl and Fischer,'*2 the other one-dimensional Model B of Eq. (2.10) 
resulted from ignoring the r-variation is more appropriate. 

2. As shown in Section 111, our Model B is able to describe the 
position of the bright rings in the optical patterns for R < 10 and the 
total number of bright rings within R for R < 130 (these numbers 
are for MBBA). Inspite of these successes, our Model B, as well as 
the uncorrected or corrected theory of Wahl-Fischer in Section IV, 
fails to account for the existence of highest ring density (observed in 
some of the experimental photographs'). The failure is not difficult 
to understand. Rings of small separations correspond to a region in 
which 0 varies rapidly with R, so that the approximation d0ldR = 0, 
used in both our Model B and the theory of Reference 1, is no longer 
valid. It therefore points to the need to solve the two-dimensional 
Eq. (2.5) if a full quantitative account of the experiments's2 is desired. 

3. The Wahl-Fischer theory' is highly idealistic in ignoring com- 
pletely the rotation of the material. Its equation, Eq. ( I l ) ,  is quite 
different from our Model B, Eq. (2.10). Even when corrected, its 
validity range of R is about half that of our Model B (see Section 
IV). The error involved is larger than that indicated in Reference 1. 

Accepting the limitations of our Model B, it will be nice to have 
analytic expressions so that it can be used to analyse the data and let 
one deduce K,IK3,  say, in an easy way. In principle, this can be done 
by adopting the procedures used in Reference 1, including the use 
of Eq. (4.1) and the small-angle approximation (with appropriate 
corrections as presented in Section IV), but with Eq. (11) replaced 
by our Eq. (2.10). This has acturally been done by us but we ended 
up with K,IK,  = 0.187 (in contrast to the usual valueI5 of - 0.8). 
Since the small-angle approximation seems reasonable (see last par- 
agraph in Section 111, and TH1 and TH2 in Table I) for the range of 
R considered, it seems that it is Eq. (4.1) that is at fault (see Figure 

The fact that the approximation Eq. (4.1), when combined with 
7). 
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the less accurate Eq. (11) in the fashion outlined in the first part of 
Section IV, does give K11K3 - 0.8 may be somewhat fortuitous. We 
still believe that Eq. (4.1) or Eq. ( I l ) ,  by itself, is an inadequate 
description of the torsional shear flow. This conclusion is further 
supported by the unsatisfactory results12 obtained when we combine 
Eq. (4.1) with Eq. (2.5) to calculate 0 vs. R .  

4. In  using the torsional shear experiments as a tool in determining 
the material constants, for a thin cell, the simplest procedure is to 
use the approach of Wahl and Fischer,' together with the corrections 
in our Section IV and using only those experimentally observed rings 
within a small R (R < 6 for MBBA) in the data analysis (which 
unfortunately is not the case in References 1-9). 

To be more accurate, our Eq. (2.10) has to be used. One proceeds 
as before except that Eq. (11) is now replaced by Eq. (2. lo), if analytic 
expressions and simplicity are preferred. Otherwise, one has to solve 
Eq. (2.10) numerically and then m(R)  of Eq. (3.5) to fit  the data. 
[Note that m vs. R (with integer m) is the only useful data from this 
type of e~periment. ' ,~] 

Ultimately, it is Eq. (2.5) that will provide the complete description 
(as long as oo is not too large so that the director does not poke out 
of the tangent plane). 

5. In all the numerical solutions performed in this paper, specific 
values of the material constants are prescribed. However, our con- 
clusions are not affected by the specific choice. 

In the presence of an external electric field E applied in the z- 
direction, the term -eE,E2cos0 sin0 has to be added to the left-hand 
side of Eqs. (2.3) and (2.4). If E is replaced by magnetic field H ,  the 
e,E2 above should be replaced by xaH2.  Time-dependent phenomena 
in torsional shear flow and related problems may be studied with Eq. 
(2.3). 

Finally, let us emphasize that all the differential equations in this 
paper are valid for both homeotropic and planar nematics. The planar 
case can be discussed in exactly the same way. 
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